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a b s t r a c t
Theoretical and experimental studies of restricted diffusion have been conducted for decades using single
pulsed ﬁeld gradient (s-PFG) diffusion experiments. In homogenous samples, the diffusion–diffraction
phenomenon arising from a single population of diffusing species has been observed experimentally
and predicted theoretically. In this study, we introduce a composite bi-compartmental model which
superposes restricted diffusion in microcapillaries with free diffusion in an unconﬁned compartment,
leading to fast and slow diffusing components in the NMR signal decay. Although simpliﬁed (no
exchange), the superposed diffusion modes in this model may exhibit features seen in more complex por
ous materials and biological tissues. We ﬁnd that at low q-values the freely diffusing component masks
the restricted diffusion component, and that prolongation of the diffusion time shifts the transition from
free to restricted proﬁles to lower q-values. The effect of increasing the volume fraction of freely diffusing
water was also studied; we ﬁnd that the transition in the signal decay from the free mode to the
restricted mode occurs at higher q-values when the volume fraction of the freely diffusing water is
increased. These ﬁndings were then applied to a phantom consisting of crossing ﬁbers, which demon
strated the same qualitative trends in the signal decay. The angular d-PGSE experiment, which has been
recently shown to be able to measure small compartmental dimensions even at low q-values, revealed
that microscopic anisotropy is lost at low q-values where the fast diffusing component is prominent.
Our ﬁndings may be of importance in studying realistic systems which exhibit compartmentation.
© 2009 Elsevier Inc. All rights reserved.

1. Introduction
Diffusion NMR is widely used as a non-invasive probe in a mul
titude of applications ranging from characterization of chemical
moieties in solution to inferring micro-structural features in por
ous materials, rocks, and biological tissue [1–8]. Most diffusion
NMR methods employ single-pulsed gradient spin echo (s-PGSE)
or pulsed gradient stimulated echo (s-PGSTE) methodologies,
which are based on spin echo or stimulated echo sequences con
taining a pair of diffusion sensitizing pulsed gradient vectors, G,
with duration d, that are separated by the diffusion time, D
[9,10]. The spatial encoding of the nuclei by these pulsed gradients
results in dephasing of spins due to translational motion, leading to
an attenuation of the NMR echo signal. The diffusion-driven signal
attenuation can be used to infer molecular and micro-structural
characteristics of the diffusing species and its surroundings by
examining the spatial and temporal dependence of the self-diffu
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sion coefﬁcient, D [8]. In freely diffusing systems, where the mole
cules are not hampered by barriers, the logarithm of the signal
decay is linearly dependent on the b-value, from which D can be
extracted (where (2p|q|)2td, and q = (2p)-1cdG, td is the diffusion
time and is equal to (D - d/3) in case of rectangular pulsed ﬁeld
gradients) [11]. In isotropic systems, D is invariant to rotation,
and the same linear attenuation will be observed regardless of
the orientation of the gradients [11]. Moreover, examining the time
dependence of D in freely diffusing systems reveals that D is inde
pendent of the diffusion time; consequently, the root meansquared displacement (rmsd) increases linearly with td1/2. Both
the linear decay of the logarithm of the NMR signal as a function
of the b-value and the linear dependence of the mean squared dis
placements on td demonstrate the Gaussian nature of free diffu
sion, while the directional independence of the signal decay
implies on isotropy of the diffusing medium (non-restricting in
any direction). This can be regarded as a free diffusion proﬁle.
A completely different displacement proﬁle is obtained when
the diffusing molecules are conﬁned by impermeable boundaries
forming a restricted compartment. Here, the logarithm of the sig
nal attenuation deviates from linearity with increasing b-value.
In these cases, and by contrast to a free diffusion proﬁle, D is time
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dependent: it has been shown that for short D, a free diffusion pro
ﬁle is obtained and the rmsd increases linearly when plotted
against D1/2, due to the very small fraction of molecules that expe
rience the boundaries [8,11]. When D is prolonged, the pore is
gradually sampled by more and more molecules, resulting in a
deviation from linearity which characterizes restricted diffusion,
a property that can be used to extract structural information char
acterizing the pores. Notably, when the pores are of the same size,
and D is sufﬁciently long to probe the boundaries of the restricting
compartment, a non-monotonic proﬁle, manifested in diffusion–
diffractions, is observed when the NMR signal decay is plotted
against the wave-vector q [11–13]. The size of the pore can be de
rived from the diffusion–diffraction troughs; when the pores are
anisotropic, the diffusion–diffraction patterns have a strong depen
dence on the rotational angle between the principal axis of the
pore and the orientation of the gradients, affording information
about pore geometry [12,14–17]. In recent years, the theoretical
background for such phenomena has been advanced for various
geometries [18–21], and these NMR diffusion–diffractions were
observed experimentally in systems which are characterized by
pores with relatively monodisperse pore sizes [13–15,17,22]. In
cases where the diffraction troughs disappear due to susceptibility
effects induced by inhomogeneities of the sample, it has been
shown that by using radiofrequency (RF) gradients [23,24] or bi
polar gradients [25] one can recover the diffraction-like features,
and therefore extract the structural information from the sample.
The q-space approach, which makes use of the Fourier relation be
� [26], pro
tween the signal decay and the average propagator, P
vides similar structural information from samples that show
shallow diffusion–diffraction troughs, or even no diffusion–diffrac
tion troughs whatsoever, (e.g. due to size distributions in the sam
ple) such as red blood cells [27] and even nerve tissue [1,28–32],
respectively.
For each of the diffusion modes mentioned above, i.e., free and
restricted diffusion, the signal decay is characterized by its distinc
tive diffusion proﬁle. However, many real-world systems that have
either non-exchanging or slowly exchanging compartments, in
which each compartment has a distinctive apparent diffusion coef
ﬁcient (ADC), and the signal decay exhibits a superposition of the
diffusion modes. For instance, in white matter, where both intra
and extracellular water contribute to the signal decay within the
same voxel, a signal decay which is non-mono-exponential is ob
served [1,26,28,32–36]. Another example is porous media, where
a freely diffusing solvent in the bulk will have a higher ADC com
pared to the molecules that are conﬁned within the pores and un
dergo restricted diffusion. Other systems which may be pertinent
in this context include crossing ﬁbers in biological tissue, partial
volume contributions of free water from CSF in nerve bundles,
and, to a certain extent, intra- and extra-cellular water, all of which
exhibit non-mono-exponential signal decay due to the presence of
multiple compartments.
Despite there being multiple compartments in nerves, diffusion
tensor imaging (DTI) conducted at low b-values produces a single,
voxel-averaged diffusion tensor [11,37]. The fast diffusing compo
nent can be suppressed while the slowly diffusing component is
more signiﬁcantly expressed by using the q-space approach, which
employs high b-values. Doing so may provide useful information
about microstructural features, because the slowly diffusing com
ponent may be a better reporter for white matter tissue
[1,16,29–32].
Very recently, double pulsed ﬁeld gradient (d-PFG) experiments
[38] have been gaining increasing attention due to their ability to
overcome some limitations of s-PFG. For example, d-PFG reveals
microscopic anisotropy in macroscopically isotropic samples [39–
41], thus providing a signature for restricted diffusion in small
compartments, even at low q-values [42–44]. The d-PGSE
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sequence, shown in Fig. 1A, contains two diffusion sensitizing gra
dient pairs, G1 and G2 with durations, d1 and d2 for each individual
gradient, G1 and G2, respectively. The gradient pairs are separated
by a mixing time (tm). Note that in the d-PGSE experiment, two dif
fusion times D1 and D2 exist during which the spins can diffuse.
The corresponding q vectors for the two encoding times can be ta
ken to have the same magnitude, i.e. q = |q1| = |q2|, where
qi = (2p)-1cdGi. The d-PGSE sequence was ﬁrst proposed in 1990
by Cory et al. [38], and was initially used for one- and two-dimen
sional characterization of porous materials [45–47], for suppres
sion of convection artifacts [48], and for studying ﬂow
phenomena [49]. The potential of the d-PGSE experiment to reveal
microscopic anisotropy in systems characterized by macroscopic
isotropy was demonstrated on lyotropic liquid crystals [39]. These
ﬁndings were then extended to a gray matter phantom and ﬁxed
gray matter [40], and ﬁnally to excised spinal cord [41]. A recent
theoretical study regarding the signal decay in multiple-PGSE
experiments, and d-PGSE particularly, predicted rather peculiar
phenomena of zero crossings of the signal in conﬁned geometries
(negative diffractions) [50]. These predictions were corroborated
experimentally, and the dependence of the signal decay on the
experimental parameters in d-PGSE experiments was demon
strated [51]. Owing to the actual zero crossing, it was shown that,
as predicted, the negative diffractions are more robust to variations
in pore size distributions, and variation in the q-value of diffrac
tions with prolongation of the mixing times and other experimen
tal parameters was observed [51].
A theoretical study published by Mitra in 1995 suggested that
performing the angular d-PGSE experiment in conﬁned geometries
using low q-values should yield an angular dependence of the sig
nal from which the compartment size may be calculated [52].
Although Mitra’s study was conducted in a limiting case in which
D ? 1, d ? 0, and tm ? 0 or tm ? 1, it suggested a new tool for
measuring sizes of small compartments using relatively weak gra
dients, which could be clinically feasible. The angular dependence
of the signal decay at short tm is a measure of the microscopic
anisotropy induced by the boundaries of the restricting compart
ment from which the compartment size may be extracted even
at low q-values. A new general theoretical treatment of diffusion
in d-PGSE experiments, both at low q and at higher q-values was
recently proposed [42,43], and the predicted angular dependence
was corroborated experimentally. As demonstrated by these stud
ies, this new theoretical framework can account for variation of
every experimental parameter one could specify in a d-PGSE se
quence [43,44]. A second variant of the d-PGSE sequence, (shown
in Fig. 1B) was also introduced in which the two inner gradients
(the second G1 and the ﬁrst G2) are superposed, so that tm is effec
tively 0—a desirable condition for enhancing the angular
dependence.
Although the superposition of two diffusion modes and the ef
fects of compartmentation on the signal decay has been investi
gated theoretically in several studies [53,54], the effect of adding
another compartment to a system which already exhibits diffu
sion–diffraction patterns has never been studied. In this study,
we sought to investigate the signal decay and the structural infor
mation that can be extracted thereof, using a novel phantom that
simultaneously exhibits two diffusion modes: free diffusion and
restricted diffusion. To that end, we employ a composite bi-com
partmental phantom, which consists of a fast diffusion compart
ment (FDC) and a slow diffusion compartment (SDC) comprised
of free water and water in restricted impermeable microcapillaries,
respectively. In the FDC, barriers for diffusion are not present and
the water is not conﬁned to any particular geometry; therefore
the water undergoes free diffusion. In the SDC, the barriers im
posed by the walls of the microcapillaries allow restricted diffusion
to occur, when diffusion is not measured parallel to the main axis
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Fig. 1. Sequences and phantoms. (A) d-PGSE sequence, deﬁning the diffusion times, D1 and D2, the mixing time (tm), and the gradients G1 and G2 and their durations (d1 and
d2, respectively). (B) The d-PGSE variant used in this study. Note that the G1 and G2 were superposed, rendering the mixing time effectively 0. (C) The bi-polar LED (BPLED)
sequence, used for the crossing ﬁbers phantom. Note the duration b, which is referred to in-text. (D) Cartoon of the bi-compartmental phantom. Note that the water diffusing
freely in the free diffusion compartment (FDC) is separated from the microcapillaries. The microcapillaries serve as the slow diffusion compartment (SDC). The 4 mm sleeve is
not shown for convenience. (E) The crossing ﬁbers phantom, in which two bundles of microcapillaries were aligned with their main axis perpendicular to each other, and to
the main magnetic ﬁeld. (F) The phantom in which one of the crossing bundles was removed, to measure the decay in the presence of only a single compartment.

of the microcapillaries. The two compartments are completely iso
lated from each other. The advantage of such a phantom is that it is
well controlled and the ‘‘ground truth” is known; the structure,
geometry and orientation of the microcapillaries in the SDC is
well-known a-priori, as well as the diffusion coefﬁcient of the free
water in the FDC. Therefore, in such a phantom the free water in
the FDC and restricted water in the SDC give rise to fast and slow
diffusing components in the NMR signal decay respectively, and
we are able to reliably investigate the way in which signal from
the FDC affects the signal from the SDC at different values of q,
and compare the theoretical predictions to the experimental re
sults. Using the bi-compartmental phantom, we could also test,
for the ﬁrst time, how the properties revealed by the d-PGSE exper
iment are affected by the presence of the two diffusion modes at
different q-values, and investigate the structural information that
can be extracted in such cases. Another point that is addressed in
this study relates to the comparison of d- and s-PGSE experiments.
When a single compartment exists, comparing the s- and d-PGSE
sequences can easily be done by scaling the q-values such that
the diffusion curves nicely ﬁt and the same structural information
is obtained [44,50]. The question of how to compare s-PGSE and dPGSE data when two diffusion modes co-exist, as in our bi-com
partmental phantom, and indeed, in real systems, is also tackled
in this study.
2. Materials and methods
All measurements were performed on a Bruker 8.4 T NMR spec
trometer using a Micro5 probe capable of producing nominal
pulsed gradients up to 190 G/cm in each direction. The crossing ﬁ
bers experiment was performed using a mini-imaging (Mini 5)
probe capable of producing pulsed gradients up to 20 G/cm in each
direction. Hollow microcapillaries with nominal inner diameters
(ID) of 10 ± 1, 19 ± 1, or 48 ± 1 lm (Polymicro Technologies, Phoe
nix, AZ, USA) were immersed in water for several days, prior to
each experiment.

2.1. Bi-compartmental phantom construction
Fig. 1D shows a cartoon of the bi-compartmental phantom.
Freely diffusing water in the FDC undergoes Gaussian (free) diffu
sion while water in the microcapillaries experiences restricted dif
fusion forming the SDC of the bi-compartmental phantom. The
microcapillaries were packed into a 4 mm glass sleeve (not shown
in Fig. 1D) which was inserted into a 5 mm NMR tube, aligned with
the main axis parallel to the z-direction of the magnet. The 5 mm
NMR tube was then inserted to an 8 mm NMR tube with the main
axis parallel to the z-direction of the magnet. The 8 mm NMR tube
was ﬁlled with 1 ml of D2O (D-Chem, Israel) to which 5 ll of
200 mM CuSO4 solution (Sigma–Aldrich, Israel) was added. To
achieve larger amounts of pure H2O in the FDC, water content
was increased by adding water to the mixture. Typical linewidths
of 5–15 Hz were obtained after shimming.
2.2. MR experiments
2.2.1. Relaxation experiments
Relaxation rates T1 and T2 of each compartment were separately
measured using the inversion recovery and Carr–Purcell–Meiboom–Gill (CPMG) sequences, respectively. To measure the relax
ation rates of the water in the SDC, H2O-ﬁlled microcapillaries
with a nominal ID of 10 ± 1 lm were used. To measure the relaxa
tion rates of the FDC, we used a sample consisting of 1 ml D2O to
which 20 ll of water doped with CuSO4 was added, such that the
ﬁnal CuSO4 concentration was 1 mM.
2.2.2. Signal decay in the presence of two components
For this set of experiments, microcapillaries with ID of
10 ± 1 lm were used as the SDC and 20 ll of water in 1 ml of
D2O in the FDC. For the x-direction, s-PGSE experiments were con
ducted with the following parameters: 48 q-values were collected
with D/d = 30/3 ms and Gmax of 160 G/cm resulting in a qmax of
2043 cm-1. The number of scans was set to 16. For the z-direction,
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8 q-values were collected with D/d = 30/3 ms and Gmax of 40 G/cm,
resulting in a qmax of 510 cm-1, and with NS = 16.
2.2.3. Dependence of the signal decay on the diffusion time
For this set of experiments, microcapillaries with ID of
19 ± 1 lm were used with 80 ll of water in 1 ml of D2O in the
FDC. s-PGSE measurements were performed with gradients applied
in the x-direction with the following parameters: 48 q-values were
collected with Gmax of 160 G/cm and with d = 2 ms, resulting in a
qmax of 1362 cm-1. The diffusion time D was varied between 4
and 200 ms, and with NS = 16.
2.2.4. Dependence of the signal decay on the amount of water in the
FDC
To test the effect of increasing the amount of freely diffusing
water on the signal decay, we ﬁrst measured the diffusion proﬁle
of the microcapillaries, without water in the FDC. Microcapillaries
with ID of 19 ± 1 lm were ﬁrst measured by the s-PGSE using the
following parameters: 48 q-values were collected with Gmax of
160 G/cm and with D/d = 100/2 ms, resulting in a qmax of
1362 cm-1 and with NS = 16. The same microcapillaries were then
placed in the bi-compartmental phantom. To form the FDC, 1 ml of
D2O were added containing 20 or 100 ll of water was added to the
8 mm NMR tube (Fig. 1D). The s-PGSE measurement was con
ducted in the x-direction with the following parameters: 48 q-val
ues were collected with Gmax of 120 G/cm and d = 2 ms resulting in
a qmax of 1022 cm-1 and with D = 100 or 200 ms. The number of
scans was set to 16.
2.2.5. Crossing ﬁbers phantom
The crossing ﬁbers phantom was described in detail in [25].
Brieﬂy, a bundle of water-ﬁlled microcapillaries with
ID = 48 ± 1 lm were aligned with their main axis parallel to the
x-direction. Another bundle of microcapillaries with the same ID
was aligned with the main axis along the y-direction, such that
the main axis of the ﬁbers was perpendicular to that of the ﬁbers
in the x-direction (Fig. 1E). Since the crossing ﬁbers sample suffers
from susceptibility artifacts [25], the bi-polar LED (BPLED) se
quence [55] was used. The BPLED measurement was conducted
in the x-direction with the following parameters: 23 q-values were
collected with Gmax of 16 G/cm and with D/d = 1000/10 ms, result
ing in a qmax of 681 cm-1. The same measurement was conducted
for the phantom in which the ﬁber bundle aligned with its main
axis in the x-direction was removed, leaving only one bundle with
its main axis along the y-direction. The single bundle served as a
control experiment for the signal decay in the presence of only
one component (Fig. 1F). For these experiments, NS = 224.
2.2.6. d-PGSE experiments in the bi-compartmental model
The d-PGSE sequence is described in detail in references [44,51].
In the present study, the variant of the d-PGSE sequence in which
the mixing time (tm) is zero was used (Fig. 1B). In this study, the
two gradient vectors were always equal, i.e., G1 = G2, and the re
sults are plotted as a function of q, where q = q1 = q2. The bi-com
partmental
phantom
was
constructed
with
19 ± 1 lm
microcapillaries as the SDC. To test the effect of amount of water
in the FDC, 20 or 100 ll of water in 1 ml of D2O were added to
the FDC; to test the effect of prolonging the diffusion times, two
diffusion times were measured for each concentration of water.
The d-PGSE measurement was performed with both gradient pairs
in the x-direction, i.e., u = 0°, with the following parameters: 32 qvalues were collected with Gmax of 60 G/cm and with
d1 = d2 = d3 = 2 ms, resulting in a qmax of 510 cm-1 and with diffu
sion times D1 = D2 = 100 or 200 ms, and with NS = 16.

2.2.7. Comparing d-PGSE and s-PGSE experiments
To compare the d-PGSE and s-PGSE, a bi-compartmental phan
tom was constructed with 19 ± 1 lm microcapillaries as the SDC
and 100 ll of water in 1 ml of D2O in the FDC. The s-PGSE measure
ment was performed with the following parameters: 48 q-values
were collected with Gmax of 120 G/cm and with D/d = 200/2 ms,
resulting in a qmax of 1022 cm-1 and with NS = 16. The d-PGSE
measurement was conducted in the x-direction for both gradient
pairs, i.e., u = 0°, with the following parameters: 48 q-values were
collected with Gmax of 60 G/cm and with d1 = d2 = d3 = 2 ms, result
ing in a qmax of 510 cm-1 and with diffusion times
D1 = D2 = 200 ms and with NS = 16. The data are plotted against q
for the s-PGSE results, and against 2q or 21/2q for d-PGSE results.
The data for d-PGSE experiments is magnitude calculated to be
able to present the negative diffraction on the logarithmic scale.
2.2.8. Angular d-PGSE experiments in the bi-compartmental phantom
The angular d-PGSE experiment is described in detail in refer
ence [44]. Brieﬂy, the experiment is performed in the following
manner: G1 is ﬁxed along the x-axis throughout the experiment,
and the orientation of G2 is varied in the x–y plane along the azi
muthal angle between G1 and G2, u. Microcapillaries with ID of
19 ± 1 lm were used in the bi-compartmental phantom in the
SDC and 20 ll of water in 1 ml of D2O were added in the FDC.
For this set of experiments, the d-PGSE measurement was con
ducted for 24 different values of u between u = 0° and 360°. The
following parameters were used: 16 q-values were collected with
Gmax of 35 G/cm and with d1 = d2 = d3 = 2 ms, resulting in a qmax
of 298 cm-1 and with diffusion times D1 = D2 = 100 or 200 ms.
The number of scans was set to 16.
2.3. Theoretical analysis
Because the water within the bi-compartmental composite
phantoms is non-exchanging, the NMR signal can be written as
the sum of two expressions, i.e.,

SðqÞ ¼ Sfree Efree ðqÞ þ Srest Erest ðqÞ:
Here, the second term results from diffusion taking place within the
microcapillaries and the ﬁrst term is due to water molecules diffus
ing between the two NMR tubes. Efree ðqÞ and Erest ðqÞ are the NMR
signal attenuations that are equal to unity when jqj ¼ 0 so that
Sfree and Srest are the contributions to the signal at jqj ¼ 0 from the
free and restricted compartments, respectively. Dividing both sides
of the above equation by Sfree þ Srest , we obtain the expression for
the NMR signal attenuation for the bi-compartmental system to be

EðqÞ ¼ ffree Efree ðqÞ þ frest Erest ðq
where ffree ¼ Sfree =ðSfree þ Srest Þ and frest ¼ Srest =ðSfree þ Srest Þ satisfy the
relationship ffree þ frest ¼ 1:
Because the spacing between the two NMR tubes is fairly large,
diffusion taking place in this region can be assumed to be free. For
an arbitrary effective gradient waveform, deﬁned by the function
GðtÞ, applied between the two time points t ¼ 0 and t ¼ T, the
NMR signal attenuation is given by [56]

Efree ðqÞ ¼ exp -c2 D0

Z
0

T

dt

Z

2

t

Gðt0 Þdt

0

;

0

where c is the gyromagnetic ratio and D0 is the bulk diffusivity. In
this study, four different pulse sequences are employed, one of
them is Stejskal and Tanner’s standard s-PGSE sequence [9] and
the rest are two variants [42] of the d-PGSE sequence [38] as de
picted in Fig. 1A and B, and the BPLED sequence [25,55] as shown
in Fig. 1C. Evaluating the above expression for the corresponding
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effective gradient waveforms, one obtains the free diffusion signal
attenuation expressions given by

3.1. Relaxation

d
3
d d
D - - cosðuÞ
3 6
b d
D- 2 3

EAfree ðqÞ ¼ exp -8p2 q2 D0 D EBfree ðqÞ ¼ exp -8p2 q2 D0
ECfree ðqÞ ¼ exp -4p2 q2 D0

where EAfree , EBfree and ECfree refer to the sequences shown in Fig. 1A
(tm > d), Fig. 1B (tm = 0) and Fig. 1C, respectively, q ¼ ð2pÞ-1 cdjGj
and u is the angle between the two gradients employed in the
d-PGSE acquisitions. Note that as b ! 0, ECfree ðq tends to the
well-known Stejskal–Tanner relationship as expected, which is
employed in simulating the signal for free diffusion in s-PFG
acquisitions.
In the computations of the signal for restricted diffusion, we
employed a generalization [43] of the multiple correlation function
(MCF) framework [57]. As shown in [43], the MR signal for a pulse
sequence consisting of N gradient pulses, where the n-th pulse of
duration dn leads to the q-vector qn, can be written simply to be

+

N

Erest ðq

0

e

-Kdn þi2pqn A

0

ð1

n¼1

in Dirac’s bra-ket notation. The inﬁnite-dimensional matrix, K, is
diagonal. Its elements are given by
0

kmjKjk m0

kjk

0

mjm

2
akm
D0

r20

;

where r0 is the radius of the cylinder, and akm is the kth zero of the
derivative of the mth-order Bessel function satisfying the expres
sion J 0m ðakm Þ ¼ 0. On the other hand, A is a vector operator,

A

X
Y

;

where X and Y are inﬁnite-dimensional matrices whose elements
are given by

)
hkmjX k m0 ¼ r 0 ðhmjm0 þ 1i
X bkm bk m

hmjm0 - 1iÞð1 þ hmj0i
)2

2
akm
- a2k0 m
)
hkmjY k m0 ¼ ir 0 ðhmjm0 þ 1i-; hmjm0 - 1iÞð1 þ hmj0i

X bkm bk0 m

1=2

hm0 j0iÞ

2
þ ak20 m - 2mm
akm

(

2
km

a þa
(

2
k0 m

1=2
hm0 j0iÞ

- 2mm
)2 ;

2
akm
- a2k0 m

where

1
bkm

akm
2 -m2
ðakm
Þ

1=2

if k ¼ m ¼ 0
otherwise

With these deﬁnitions the MR signal for piecewise gradient
waveforms can be written down analytically using Eq. (1). The rel
evant expressions for the pulse sequences of Fig. 1A and B are al
ready provided in [43], hence will not be reproduced here. The
corresponding expression for the BPLED sequence is given by
ECrest ðq

3. Results

h0je-Kd=2þipq A e-Kb e-Kd=2þipq A e-KðD-b-dÞ e-Kd=2-ipq A e-Kb e-Kd=2-ipq A j0i :

In all simulations, K, X, and Y matrices of dimension 50 X 50 were
used. Resulting signal attenuation proﬁles were ﬁtted to experimen
tal data using a Levenberg–Marquardt ﬁtting routine to estimate the
cylinder diameter as well as the fractions, ffree and frest .

The free water in the FDC in this experimental setup may have
very long T1 and T2 relaxation rates. Therefore, to ensure that the
signal from the FDC will not be T1-weighted, we doped it with
1 mM CuSO4. The T1 of the CuSO4-doped water in the FDC and
the water in the microcapillaries in the SDC were found to be
1.50 and 3.10 ± 0.01 seconds respectively. The T2 of the CuSO4
doped water in the FDC and the water in the microcapillaries in
the SDC were found to be 780 and 1280 ± 1 ms.
3.2. Signal decay in the presence of two components
Fig. 2 shows the signal decay for s-PGSE experiments performed
on a bi-compartmental phantom consisting of 10 ± 1 lm microcap
illaries in the SDC and 20 ll of water in the FDC in both x- and
z- directions. When the diffusion measurement is performed in
the z-direction, the signal attenuation exhibits a completely free
diffusion proﬁle. The diffusion coefﬁcient along the z-direction
was found to be D0 = 1.94 X 10-5 cm2/s.
Inspecting the s-PGSE diffusion measurement in the x-direction
(black squares) reveals how the fast diffusing component that
arises from the FDC affects the signal decay. At relatively low q-val
ues, i.e., q < 450 cm-1, the attenuation of the signal is completely
characteristic of free diffusion, as can be seen by comparison to
the z-direction data (red circles). At q approximately equal to
500 cm-1, a bend in the signal attenuation proﬁle can be seen,
above which a restricted proﬁle is observed. Increasing the q-value
results in diffraction patterns expected from the SDC, with the dif
fraction trough occurring at q = 1319 cm-1, corresponding to a
compartment size of 9.24 lm. After the data is ﬁtted to the theory
presented above, which corrects for the violation of the SGP
approximation, a compartment size of 10.30 ± 0.03 lm is obtained,
in good agreement with the nominal ID of 10 ± 1 lm provided by
the manufacturer.
3.3. Dependence of the signal decay on the diffusion time
The signal decay for s-PGSE experiments performed on a bicompartmental phantom consisting of 19 ± 1 lm microcapillaries
in the SDC and 80 ll of water in the FDC is shown in Fig. 3 for dif
ferent values of D. Only 6 of the 8 values of D measured are shown
for clarity. At very short diffusion times, not sufﬁciently long for a
large fraction of water molecules to probe the boundaries of the
restricting compartment, the signal decay exhibits a nearly free
diffusion proﬁle. When D is prolonged, two phenomena can be
seen in the different q-regimes. For high q-values, the diffraction
patterns that are expected from water diffusing in the SDC can
be gradually observed. At D = 100 ms, the diffraction trough is at
its deepest, and further prolonging D does not change the diffusion
proﬁle at high q-values, as expected from a restricted diffusion dis
placement proﬁle. The diffraction troughs occur at q = 638 cm-1,
corresponding to a size of 19.12 lm, which is consistent with the
nominal ID of the microcapillaries, 19 ± 1 lm. However, at lower
q-values, e.g., q < 200 cm-1, the diffusion curve changes dramati
cally for each value of D, and shows increased attenuation of the
signal for every value of increasing D (Fig. 3). The theoretical
curves ﬁt all of the experimental data nicely.
The results of the ﬁttings of the signal decay from this experi
ment to the theory presented above are summarized in Table 1. Al
ready at D = 25 ms, a size of 19.31 ± 0.09 lm is extracted, which
represents the accurate nominal size of the SDC. Similar character
istic compartment dimensions are extracted for longer Ds. Note
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Table 1
Extracted size as a function of D in s-PGSE experiments, performed on a bicompartmental phantom with 80 ll of water in the FDC and 19 ± 1 microcapillaries in
the SDC.
Diffusion time (D) (ms)

ID (lm)

4
10
25
50
75
100
150
200

6.71 ± 0.01
47.22 ± 1.44
19.31 ± 0.09
19.42 ± 0.02
19.42 ± 0.02
19.43 ± 0.02
19.44 ± 0.02
19.30 ± 0.02

Fig. 2. s-PGSE experiments in the presence of the fast and slow components: x- and
z-directions. The bi-compartmental phantom consisted of microcapillaries with ID
of 10 ± 1 lm as the SDC and 20 ll of water in the FDC. The s-PGSE was conducted
with D/d of 30/3 ms. The black squares represent the measurement in the xdirection, and the red circles represent the z-direction measurement. Symbols
indicate experimental data and the solid lines represent the theoretical curves. (For
interpretation of color mentioned in this ﬁgure legend the reader is referred to the
web version of the article.)

that at D = 25 ms, an accurate size cannot be extracted from the
diffraction patterns, because the diffractions are too shallow.

3.4. Dependence of the signal decay on the amount of water in the FDC
To investigate how the signal decay is affected by increasing the
relative fraction of the fast diffusing component, 19 ± 1 lm microcapillaries were ﬁrst measured without an FDC. Subsequently,
increasing amounts of water were added to the FDC. Fig. 4 shows
the results. When water is not present in the FDC, the signal exhib
its the attenuation that is characteristic of restricted diffusion, with
the diffraction trough at q = 638 cm-1, in agreement with the nom
inal ID of 19 ± 1 lm (black squares). Here, at q � 250 cm-1, E(q) is
equal to 0.54. However, when 20 or 100 ll of water are added to
the FDC (red circles and green triangles, respectively), the bend

Fig. 4. Dependence of the signal decay on the amount of water in the FDC in s-PGSE
experiments. The bi-compartmental phantom consisted of microcapillaries with ID
of 19 ± 1 lm as the SDC. The black squares represent the separate microcapillaries
sample. The red circles and green triangles represent 20 and 100 ll of water in the
FDC, respectively. The s-PGSE measurement was conducted in the x-direction with
D/d = 100/2 ms. Symbols indicate experimental data and the solid lines represent
the theoretical curves. (For interpretation of color mentioned in this ﬁgure legend
the reader is referred to the web version of the article.)

in the signal decay which indicates the transition between free
and restricted diffusion can be seen at around q � 250 and
290 cm-1, respectively. Note that below the q-value at which the
transition between free and restricted diffusion occurs, the signal
attenuation is stronger with increasing volume fraction of FDC.
For example for 20 and 100 ll of water in the FDC, the signal atten
uates to 0.055 and 0.013 respectively at q = 255 cm-1. The solid
curves, representing the theoretical ﬁtting of the data, are in very
good agreement with the experimental data. The sizes that were
extracted for the microcapillaries, as summarized in Table 2, are
in good agreement with the nominal ID provided by the manufac
turer. Note the increase in the fraction of free water with increas
ing amount of water, and that for the sample consisting of no water
in the FDC, the extracted fraction of water is close to 0. Similar

Table 2
Sizes and fractions of restricted and free water components as a function of amount of
water in the FDC extracted from the s-PGSE experiments.

Fig. 3. Dependence of the signal decay on the diffusion time in s-PGSE experiments.
The bi-compartmental phantom was used with 19 ± 1 lm microcapillaries as the
SDC and 80 ll of water in the FDC. E(q) data from s-PGSE experiments conducted in
the x-direction are plotted against q for different values of D. Symbols represent
experimental data while solid lines represent the theoretical curves for these data.

Amount of water in the FDCa

0 ll

20 ll

100 ll

ID (lm)
frest
ffree

19.39 ± 0.02
0.980 ± 0.002
0.021 ± 0.002

19.46 ± 0.03
0.087 ± 0.002
0.91 ± 0.05

19.39 ± 0.08
0.0088 ± 0.0004
0.99 ± 0.08

a
A bi-compartmental phantom with 19 ± 1 microcapillaries in the SDC was used.
The diffusion time in this experiment was D = 100 ms.
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Fig. 5. Signal decay in the crossing ﬁbers phantom obtained from the BPLED
experiments. Microcapillaries with ID of 48 ± 1 lm were used as described in
Section 2 and Fig. 1E and F. The BPLED sequence was used to overcome the
inhomogeneity of the sample with D/d = 1000/10 ms. The black squares represent
the data from crossing ﬁbers, while the red circles represent the data from a single
bundle. The solid lines represent the theoretical curves ﬁtted to the data. (For
interpretation of color mentioned in this ﬁgure legend the reader is referred to the
web version of the article.)

results were obtained for s-PGSE experiments conducted on the
same phantom with D = 200 ms (data not shown).

3.5. Crossing ﬁbers phantom
Fig. 5 shows the signal decay from a phantom consisting of bun
dles of crossing ﬁbers with IDs of 48 ± 1 lm and from one ﬁber
bundle of 48 ± 1 lm microcapillaries for comparison. Note that
the bi-polar LED sequence was used here to overcome the severe
susceptibility artifact that arises in such phantoms [25].
The single ﬁber bundle exhibits the signal decay expected from
the restricted compartment in the ﬁbers, with the ﬁrst diffraction
trough occurring at q = 237 cm-1 (red circles). However, when
the second bundle of ﬁbers is added, the contribution of the fast
diffusing component that comes from diffusion along the main axis
of the ﬁber becomes apparent (black squares). The comparison re
veals that the attenuation of the signal resembles that of the bicompartmental phantom. At the ﬁrst low q-values, where the free
diffusion behavior dominates, a stronger attenuation of the signal
is apparent when compared to the single bundle at low q-values.
The ﬁrst diffraction trough occurs at q = 237 cm-1, corresponding
to a size of 51.5 lm, which is within a 6% of the nominal ID of
48 ± 1 lm. The theoretical curves are in good agreement with the
experimental data, and the compartment dimensions and volume
fractions are summarized in Table 3. Note that for the crossing ﬁ
bers, the volume fractions of free and restricted compartments
have a 1:1 ratio, consistent with the fact that a very similar num
ber of ﬁbers were present in each bundle.

Table 3
Sizes and fractions of restricted and free water in the crossing ﬁbers phantom,
extracted from the BP-LED experiments.
—

ID (lm)
frest
ffree

Crossing ﬁbersa

Single ﬁber bundlea

51.10 ± 0.07
0.499 ± 0.001
0.501 ± 0.002

51.14 ± 0.06
0.939 ± 0.001
0.061 ± 0.004

a
The nominal ID of the microcapillaries used in this phantom was 48 ± 1 lm. The
BPLED sequence was used to overcome the inhomogeneity induced by the crossing
ﬁbers with D/d = 1000/10 ms.

Fig. 6. The signal decay in d-PGSE experiments conducted on the bi-compartmental
phantom. Microcapillaries with ID = 19 ± 1 lm were used as the SDC. The black
squares and upward green triangles represent the experimental data for the d-PGSE
measurements in which D1 = D2 = 100 ms and the amount of FDC was 20 ll. The red
circles and downward blue triangles represent the experimental data for the dPGSE measurements in which D1 = D2 = 200 ms and the amount of FDC was 100 ll.
The solid lines represent the theoretical curves ﬁtted to the data. (For interpretation
of color mentioned in this ﬁgure legend the reader is referred to the web version of
the article.)

3.6. High q d-PGSE experiments on the bi-compartmental model
Similar to the experiments performed using the s-PGSE, we
tested the dependence of the signal decay in d-PGSE on the diffu
sion times and amount of water present in the FDC. For these
experiments, the SDC consisted of 19 ± 1 lm microcapillaries.
The results from the d-PGSE experiment for two different amounts
of water (20 and 100 ll) in the FDC and for two diffusion times, i.e.,
D1 = D2 = 100 or 200 ms, are shown in Fig. 6. For all of these exper
iments the diffraction trough occurs at half of the q-value of the sPGSE, namely q = 317 cm-1, as expected. The results presented in
Fig. 6 are magnitude calculated; however, it is important to note
that the diffractions exhibited the zero crossing of the signal, char
acteristic to d-PGSE diffractions (negative diffractions) [50,51].
Fig. 6 demonstrates that the signal decay in d-PGSE experiments
resembles all of the signal trends that were shown for s-PGSE.
The two diffusion modes can be easily observed, and the character
istic bend in the signal decay which indicates the transition be
tween free and restricted diffusion proﬁles, can be seen, e.g., at
q = 126 cm-1 for D1 = D2 = 200 ms and 100 ll of water in the
FDC. For both amounts of water in the FDC, increasing the diffusion
times from 100 to 200 ms results in a reduction of the q-value at
which the transition from the free proﬁle to the restricted proﬁle
occurs. Additionally, for each diffusion time, when the volume of
water in the FDC is increased from 20 ll to 100 ll, the q value at
which the transition between the free and restricted diffusion pro
ﬁles shifts to higher q-values. The theoretical curves are in good
agreement with experimental data, and the ﬁtting results are sum
marized in Table 4. For all measurements, the compartment size
that is extracted is in very good agreement with the nominal ID
of 19 ± 1 lm.
3.7. Comparing d-PGSE and s-PGSE experiments
When only one restricted compartment exists, scaling the qaxis by a factor of two for the d-PFG data yields a similar attenua
tion proﬁle, as compared to the matched s-PGF experiment. Under
these conditions, the ﬁrst zero crossing occurs at the same point
where the s-PFG trough is observed [50,51]. However, this is not
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Table 4
Sizes and fractions of restricted water components in the bi-compartmental phantom extracted from d-PGSE experiments.

—
a

ID (lm)
frest

20 ll D1 = D2 = 100 ms

100 ll D1 = D2 = 100 ms

20 ll D1 = D2 = 200 ms

100 ll D1 = D2 = 200 ms

19.451 ± 0.004
0.087 ± 0.0005

19.55 ± 0.02
0.0083 ± 0.0002

19.417 ± 0.004
0.0815 ± 0.0005

19.51 ± 0.01
0.011 ± 0.0009

a
The nominal ID of the microcapillaries used in the SDC in this phantom was 19 ± 1 lm. The d-PGSE sequence was performed with u = 0, i.e. both G1 and G2 were in the xdirection, and d1 = d2 = d3 = 2 ms.

the case in a bi-compartmental model. To be able to compare the
signal decay of s- and d-PGSE experiments, a bi-compartmental
phantom with 19 ± 1 lm microcapillaries as the SDC and 100 ll
of water in the FDC was used. Fig. 7A and B shows the signal decay
from a s-PGSE experiment plotted against q (black squares) while
the d-PGSE experiments are plotted against 2q or 21/2q (red cir
cles), respectively. The s-PGSE, serving here as a control experi
ment, reveals the signal decay characteristic of the bicompartmental model, with a diffraction trough at q = 638 cm-1
(Fig. 7A and B). However, it is impossible to scale the d-PGSE exper
iment such that the signal attenuation will match that of the sPGSE. It is apparent that when the two diffusing components co
exist, the signal decay cannot be directly compared in the highand low-q regimes. The diffraction troughs occur at the expected
q for d-PGSE experiments when the data is plotted against 2q;
however, using the 2q scaling appears to stretch the regime in
which the free diffusion from the FDC dominates. Scaling the plot
of the d-PGSE data against 21/2q reveals that the signal from the
FDC can be directly compared, but the diffraction troughs of the
d-PGSE experiment occur at a different location on the horizontal
axis for this scaling. Similar results were obtained for microcapil
laries with ID of 10 ± 1 lm, for different values of Ds, and for vary
ing amounts of freely diffusing water in the FDC (data not shown).
Note that the theoretical curves are in good agreement with the
experimental results.
3.8. Angular d-PGSE experiments in the bi-compartmental phantom
Previously, we demonstrated the ability of the angular d-PGSE
experiment to reveal microscopic anisotropy even at low q-values
in a single restricted compartment [43,44], from which the accu
rate dimension of the compartment could be extracted. However

the signal decay in the bi-compartmental phantoms is masked by
the freely diffusing component at low q-values and the restriction
in the SDC is only revealed at higher q-values, as was shown in Figs.
3 and 4. To test how microscopic anisotropy is affected by the
freely diffusing component, we used 19 ± 1 lm microcapillaries
as the SDC and 20 ll of water in the FDC to perform the angular
d-PGSE experiment at various q-values and with diffusion times
D1 = D2 = 100 or 200 ms. Fig. 8A shows the signal decay from the
d-PGSE experiment for u = 0° up to q = 300 cm-1 for the two diffu
sion times. As demonstrated above, for D1 = D2 = 200 ms, the signal
decays more signiﬁcantly when compared to D1 = D2 = 100 ms in
the low-q regime. Since both diffusion times are long enough to
completely probe the boundaries, the NMR signals for both diffu
sion times decay towards a diffraction trough at q = 319 cm-1 (note
that the data are magnitude calculated, for clarity, and therefore
the signal decay approaches a diffraction trough instead of a zero
crossing). Fig. 8B and C demonstrates the angular experiment for
which the diffusion times were set to D1 = D2 = 100 ms for the
q-values highlighted by vertical lines in Fig. 8A (only 9 of the 16
q-values collected are shown). Fig. 8B shows the angular depen
dence at q-values in which the free diffusion proﬁle is prominent
(as shown in Fig. 8A), while Fig. 8C shows the angular dependence
at higher q-values, in which the restricted diffusion begins to take
over. At the regime in which free diffusion is more prominent, i.e.,
for q < 100 cm-1, the signal decay exhibits no angular dependence,
and only sporadic signal ﬂuctuations are observed. The theoretical
curves are in good agreement with the experimental data. At high
er q-values however, approximately q 125 cm-1 and higher, the
angular dependence of the signal decay becomes more pronounced
and the bell-shaped function becomes gradually more apparent.
The stack plot of the signal as a function of u values at q = 53,
129 and 298 cm-1 is shown in Fig. 8D. From this ﬁgure, which rep-

Fig. 7. Comparison between s-PGSE and d-PGSE measurements. The bi-compartmental phantom consisted of microcapillaries with ID = 19 ± 1 lm as the SDC and 100 ll of
water in the FDC. (A) The s-PGSE data is plotted against q (black squares) while the d-PGSE is plotted against 2q (red circles). (B) The s-PGSE data is plotted against q (black
squares) while the d-PGSE data is plotted against 21/2q (red circles). The solid lines represent the theoretical curves ﬁtted to the data. (For interpretation of color mentioned in
this ﬁgure legend the reader is referred to the web version of the article.)
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Fig. 8. Angular d-PGSE experiments. The bi-compartmental phantom consisted of microcapillaries with ID = 19 ± 1 lm as the SDC and 20 ll of water in the FDC. (A) The dPGSE data for u = 0°. The diffusion times in these experiments were D1 = D2 = 100 or 200 ms (black squares and red circles, respectively). The vertical black lines represent the
q-values for which the angular proﬁle is presented in (B) and (C). (B) The signal intensity plotted against u for the q-values between 34 and 72 cm-1. (C) The signal intensity
plotted against u for the q-values between 129 and 298 cm-1. The solid curves in (A)–(C) represent the theoretical ﬁtting of the experimental data. (D) Raw data for 3 selected
q-values of the signal intensity plotted against u. (For interpretation of color mentioned in this ﬁgure legend the reader is referred to the web version of the article.)

resents the raw data from this experiment, it is clear that the signal
at low q-values does not have a clear angular dependence but suf
fers from random ﬂuctuations, while the bell-shaped function be
comes more pronounced at higher q-values. The theoretical
curves again ﬁt nicely through the experimental points. Table 5
summarizes the sizes that are extracted for the angular experi
ments for several values of q for both diffusion times, i.e.

D1 = D2 = 100 and 200 ms. Note that for both diffusion times, the
higher the q value, the lower the error in the compartment size ex
tracted. Moreover, for D1 = D2 = 100 and 200 ms, the q-values at
which a very accurate estimate of the dimension of the microcap
illaries is extracted are 185 and 166 cm-1, respectively, indicating
that when a longer D is applied, microscopic anisotropy can be re
stored at lower q-values.

Table 5
Extracted sizes for several q-values from the angular d-PGSE experiment.
q Valuea

34 cm-1

72 cm-1

109 cm-1

129 cm-1

166 cm-1

185 cm-1

298 cm-1

ID (lm) (D1 = D2 = 100 ms)
ID (lm) (D1 = D2 = 200 ms)

1 ± 865
33 ± 2

26 ± 4
30 ± 1

23.5 ± 1.2
21.7 ± 0.7

21.75 ± 0.75
20.0 ± 0.5

20.3 ± 0.3
19.7 ± 0.3

19.90 ± 0.25
19.61 ± 0.22

19.44 ± 0.03
19.42 ± 0.02

a
The angular d-PGSE experiment was performed on the bi-compartmental phantom with 20 ll of water in the FDC and 19 ± 1 lm microcapillaries in the SDC. For this set
of experiments d1 = d2 = d3 = 2 ms.
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4. Discussion
Instances for which at least two diffusion modes co-exist may
appear in a variety of systems, including porous materials and bio
logical tissues. In this study, we have used a simpliﬁed bi-compart
mental model, which consists of two well-deﬁned compartments:
the fast diffusion compartment, which has the diffusivity of free
water, and the slow diffusion compartment, which has the diffu
sion characteristics of the restricted compartment. Using such a
simpliﬁed phantom is suitable for testing the theory presented
above, and to understand how the different diffusion modes con
tribute to the signal decay.
When diffusion is measured along the z-direction, i.e. parallel to
the main axis of the microcapillaries, free diffusion dominates.
However, when diffusion is measured along the x-axis, perpendic
ular to the main axis of the ﬁbers, the different diffusion modes are
accentuated at different q-regimes. At the low-q regime, the signal
is governed by free diffusion, and the restricted compartment is
masked. However, when higher q-values are reached, the signal
decay demonstrates a characteristic bending, which indicates the
‘‘taking over” of the restricted diffusion mode. The bend in the sig
nal decay was observed at different q-values for different microcapillaries, and is apparently a function of the amount of water
present in FDC and the diffusion time. Notably, at even higher qvalues, the structural features present in the sample could still be
resolved by both the diffraction patterns and the ﬁtted theoretical
curves, even when the amount of water in the FDC was very large,
providing that the diffusion time was sufﬁciently long to probe the
boundaries of the restricted compartment.
The dependence of the signal decay in s-PGSE experiments on D
and on the amount of water in the FDC was also tested. We found
that for very short Ds, a nearly free diffusion proﬁle is obtained
even at high values of q, and that when prolonging the D the
restriction is gradually sampled, as implied by the steady appear
ance of the diffraction troughs and the extraction of the correct
compartment sizes by the theory. This implies that in order to ex
tract meaningful structural information, the point of maximum
restriction must be reached. It has been previously shown that
for a single restricted compartment, prolonging D after the point
in which maximum restriction is sampled does not lead to any fur
ther changes in the diffusion proﬁle [15], a fact that can be used to
determine the minimum value of D for fully sampling restriction.
Indeed, even when the fast component is introduced, prolonging
D does not affect the signal decay at the q-values in which re
stricted diffusion is apparent. However, at low q-values, the fast
diffusing component exhibits continuous attenuation of the signal
when D is prolonged: the longer the D, the lower the q value in
which the restricted diffusion becomes apparent.
When the amount of water in the FDC is increased from 20 to
100 ll, the q-values at which the bend in the signal decay which
indicates the transition from free to restricted diffusion proﬁles
shifts from q 250 cm-1 to q 290 cm-1 as shown in Fig. 4. This
shift to higher q-values was also observed in bi-compartmental
models with smaller sizes of microcapillaries in the SDC (data
not shown). Our simulations suggest that a smoothing effect of
the diffraction troughs and even a shift in their location to higher
q-values may occur solely due to the presence of a fast diffusing
component (data not shown). This effect is particularly important
at relatively short diffusion times, or more generally, if there is sig
niﬁcant signal due to free diffusion around the q-values at which
the trough due to the SDC is expected.
Our ﬁndings suggest that when the slow diffusing component is
of interest, usually for purposes of extraction of structural informa
tion, high q-values are preferable, especially if the fraction of the
fast diffusing component is large. Even when the fraction ratios
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are 1, a more realistic setting for biological tissues, higher q-val
ues are preferable for extracting structural information. This is
demonstrated by the crossing ﬁbers phantom, for which the frac
tions of FDC and SDC are very similar. The ﬁrst diffraction trough
already occurs at a relatively low q-value because of the large ID
of the ﬁbers that were used in this study. Nevertheless, the signal
decay at lower q-values exhibits a free diffusion proﬁle. Since the
diffusion time used was extremely long (D = 1000 ms), the transi
tion from the free diffusion proﬁle to the restricted diffusion proﬁle
occurred at a very low-q of 60 cm-1. Crossing ﬁbers are generally
problematic to resolve by DTI, because the gradients that are ap
plied perpendicular to the main axis of one bundle are also parallel
to the main axis of the second bundle, creating a bi-compartmental
system. The data observed in our composite bi-compartmental
phantom, as well as the crossing ﬁbers phantom suggest that at
low q-values which are customary for DTI measurements, the fast
diffusing component will be prominent, and will mask the re
stricted diffusion occurring in the perpendicular ﬁber, yielding a
reduction in the observed anisotropy. However, it seems that by
prolonging D, one may eliminate the fast diffusing component
even at low-q, and sample anisotropy even in crossing ﬁbers. An
other option to accentuate the restricted compartment is to simply
measure the signal decay at higher q-values. In the present study,
the microcapillaries in crossing ﬁbers phantom were perpendicular
to each other; therefore a free diffusion proﬁle was observed in the
low q-regime in addition to the restricted proﬁle observed in high
er q-values. However, in more realistic cases, when the angle be
tween the microcapillaries is not 90° but more acute, a diffusion
measurement perpendicular to one of the main axis of the microcapillaries would yield a smaller fast component at the low q-re
gime. Nevertheless, at higher q-values, the diffusion–diffraction
pattern from the restricted diffusion would still persist, and the
compartment size could be extracted.
The same trends that were observed in the signal decay for
s-PGSE due to changes in diffusion times and amounts of water
in the FDC apply for d-PGSE experiments, but a direct comparison
between the s-PGSE and the d-PGSE is impossible to perform.
When only one diffusing component exists in a restricted compart
ment, the comparison can be made by scaling the d-PGSE q axis by
a factor of 2, as demonstrated in [51]. When only a single free dif
fusion compartment is present, the comparison can be made by
scaling the d-PGSE q-axis by a factor of 21/2 (unpublished results).
When trying to compare the s-PGSE and d-PGSE data in the bicompartmental phantom, where both diffusion modes co-exist,
scaling the q axis by 2 and 21/2 enabled direct comparison of the
restricted and free q regimes, respectively, but incurred incompa
rability for the reciprocal diffusion mode. These ﬁndings may be
of importance in investigations on biological tissues or porous
media, where a comparison between the two methodologies may
be beneﬁcial, especially since the d-PFG experiment may be more
robust towards size distributions [50,51].
The angular d-PGSE experiment has been used recently to mea
sure small compartmental dimensions at low q-values [43,44], a
methodology that obviates very powerful gradients used for char
acterizing restricted compartments using s-PGSE. The angular
dependence of the signal decay originates from the microscopic
anisotropy induced by the boundaries of the conﬁning compart
ment, providing that the diffusion times are long enough to probe
the boundaries of the restricting compartment. In the bi-compart
mental model, however, we demonstrated that at q-values in
which the free diffusion proﬁle is prominent, there is no detectable
angular dependence in the signal decay. This observation implies
that free diffusion, arising from the free water in the FDC, is mask
ing the signal arising from the restricted compartment almost
completely, and that the anisotropy induced by the boundaries of
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the restricting compartment is suppressed for these q-values. We
have demonstrated that prolonging the diffusion times shifts the
q of transition between free and restricted diffusion proﬁles to low
er q-values; this applies also for the angular dependence, which
can be seen for lower q-values if the diffusion times are prolonged
(Table 5 and Fig. 8). This may be of importance especially in biolog
ical tissues, because it means that by increasing the diffusion times
one may sample microscopic anisotropy from different compart
ments at the same q-value. Though not demonstrated here, these
ﬁndings are expected to be valid in the extraction of compartment
shape anisotropy (CSA) using angular double-PFG experiments, as
studied recently in [58].
The angular d-PGSE experiments in this model also reveal that
the higher the q-value, the lower the error in the estimated com
partment size. This is probably due to the complete suppression
of the fast diffusing component at higher q-values. However, the
estimates for the compartment dimension from the angular dPGSE experiment were largely affected when even slight changes
were made to the water bulk diffusivity parameter (D0) in the ﬁts.
This implies that an accurate measurement of D0 is crucial for the
correct estimate of compartment size. It is interesting to note that
this is not the case for the more conventional d-PGSE datasets (i.e.
E(q) for u = 0°), where slight variations in the D0 parameter did not
alter the results signiﬁcantly (data not shown).
It is noteworthy that realistic systems are often heterogeneous
and are characterized by size distributions. This has been shown to
signiﬁcantly limit the structural information that can be obtained
from s-PFG experiments [50,59]. Previously, we have shown that
the d-PFG experiment is more robust towards size distribution the
oretically [50] and, experimentally [51]. The experiments in the
present study were performed on a homogenous sample which
has a negligible size distribution, and therefore both s-PFG and
d-PFG experiments revealed diffusion–diffraction troughs; in sam
ples which contain both size distributions and unrestricted com
partments, the d-PFG may have an advantage over the s-PFG.
A few recent studies have employed different variants of the dPFG acquisitions in studies of phantoms and even biological tissue
[60–62]. In fact in Ref. [61], the authors have expressed the MR sig
nal as the sum of two terms: the slow diffusing component, arising
from an SDC employed Mitra’s original expression, whereas the
diffusion signal arising from the FDC has been approximated by
an expansion of the Gaussian decay up to the quadratic term. How
ever, Mitra’s theory [52] applies only in limiting cases that cannot
be reached experimentally. In fact, in [44], we have shown that
even when only a single component exists, the experimental
parameters have a profound effect on the size extracted using Mi
tra’s theory. Moreover, expressing the FDC term as a quadratic
polynomial further narrows the regime in which the technique will
be applicable as even modest b-values around 1000 s/mm2 leads to
signiﬁcant deviations from the correct form of the signal attenua
tion. As demonstrated, the theory employed in our work is valid
and leads to accurate estimations for a much wider range of exper
imental parameters. Moreover, our current work shows that at dif
ferent q-values, different components are emphasized in the
angular dependence of the signal decay. As a result, the signal from
a free diffusion compartment may dominate the low-q regime—the
same regime in which Mitra’s theory is valid. Thus it may be nec
essary to employ a more general theory, such as that employed in
this study, to infer the compartment size when a free diffusion
compartment co-exists with the slow diffusion compartment.

5. Conclusions
Diffusion measurements performed on bi-compartmental
phantoms provide insight on how the signal decay in restricted

compartments is affected by the presence of a free diffusion com
partment. At low q-values, the restricted diffusion behavior is
masked by the fast diffusing component; a free diffusion proﬁle
is obtained, and no anisotropy is detected. We found that the q-va
lue at which the transition from a free diffusion proﬁle to a re
stricted diffusion proﬁle occurs depends on the diffusion times
and on the fraction of the fast diffusing component. The theory pre
sented here corroborates the experimental results, and allows
quantiﬁcation of the fraction of free and restricted compartments,
as well as the compartment dimensions and the rmsd of the free
diffusing component. We have also demonstrated the usefulness
of this model in describing NMR signal decay in a crossing ﬁber
phantom. The d-PGSE data show the same trends as the s-PGSE,
but a direct comparison between the two methodologies is not
straightforward due to the different scaling laws required in each
diffusion regime. The angular d-PGSE experiment is useful in quan
tifying the microscopic anisotropy induced by the boundaries of
the restricting compartment, and the absence of microscopic
anisotropy at low q-values suggests that free diffusion may mask
the features of restricted diffusion in that regime. This study may
be useful for further quantifying restricted diffusion in more real
istic model systems such as biological tissues and porous
materials.
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