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We study transitions of diffusing particles between the left and right ends of expanding and narrowing
conical tubes. In an expanding tube, such transitions occur faster than in the narrowing tube of the
same length and radius variation rate. This happens because the entropy potential pushes the particle
towards the wide tube end, thus accelerating the transitions in the expanding tube and slowing them
down in the narrowing tube. To gain deeper insight into how the transitions occur, we divide each
trajectory into the direct-transit and looping segments. The former is the final part of the trajectory,
where the particle starting from the left tube end goes to the right end without returning to the left one.
The rest of the trajectory is the looping segment, where the particle, starting from the left tube end,
returns to this end again and again until the direct transition happens. Our focus is on the durations
of the two segments and their sum, which is the duration of the particle first passage between the left
and right ends of the tube. We approach the problem using the one-dimensional description of the
particle diffusion along the tube axis in terms of the modified Fick-Jacobs equation. This allows us
to derive analytical expressions for the Laplace transforms of the probability densities of the first-
passage, direct-transit, and looping times, which we use to find the mean values of these random
variables. Our results show that the direct transits are independent of the entropy potential and occur
as in free diffusion. However, this “free diffusion” occurs with the effective diffusivity entering the
modified Fick-Jacobs equation, which is smaller than the particle diffusivity in a cylindrical tube.
This is the only way how the varying tube geometry manifests itself in the direct transits. Since
direct-transit times are direction-independent, the difference in the first-passage times in the tubes of
the two types is due to the difference in the durations of the looping segments in the expanding and
narrowing tubes. Obtained analytical results are supported by three-dimensional Brownian dynamics
simulations. Published by AIP Publishing. https://doi.org/10.1063/1.4993129

I. INTRODUCTION

Transitions between two deep wells over high energy
or entropy barriers underlie single-exponential kinetics of
various processes, ranging from isomerization reactions to
channel-facilitated transport of solutes. In the last years, the
barrier crossing dynamics has attracted attention of many
researchers,1–44 who frequently model the dynamics as one-
dimensional diffusion in a potential of mean force. The quan-
tity of interest in such studies is the time required for the system
to traverse the barrier region. This time, called the transition
path or direct-transit time, is a random variable, characterized
by the probability density and mean value.

When the effective particle, representing the system,
enters the barrier region, it either returns to the initial (reac-
tant) well or traverses the region and enters the other (product)
well. By cutting out all pieces of the initial trajectory outside
the barrier region, one can form a new trajectory that describes

a)Permanent address: Physics Department, Universidad Autonoma
Metropolitana-Iztapalapa, 09340 Mexico City, Mexico.

diffusion of the particle in the barrier region, assuming that
this region is terminated by reflecting endpoints. Such a trun-
cated trajectory contains all the information about the particle
dynamics in the barrier region. Of course, this can be done
not only for the barrier region but for any interval visited by
the particle. It is worth noting that this procedure is applicable
only for diffusion trajectories, i.e., when the inertial effects can
be neglected.

In a recent paper,47 we proposed a new approach to the
analysis of the particle transitions between the two ends of a
one-dimensional interval. The key step of our approach is to
split a trajectory starting at one end of the interval and even-
tually coming to the other end into two segments: a looping
segment, when the particle starting from the initial end returns
to this end without touching the opposite end of the interval,
and a direct-transit segment, when the particle starting from
the initial end traverses the interval without returning to the
starting point. The sum of the durations of these segments is
the first-passage time from one end of the interval to the other.
Analysis of the segment durations provides additional infor-
mation about the particle transitions between the two ends. In
Ref. 47, we use the approach to analyze end-to-end transitions
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FIG. 1. Schematic illustration of the expanding, (a), and narrowing, (b), tubes
with a constant radius variation rate, |dr(x)/dx | = const = λ. In both cases,
particles starting from the left reflecting boundary are trapped by the right
absorbing boundary.

when the two ends of the interval are separated by a poten-
tial barrier of well. One might also find interesting to see the
discussion in Ref. 32.

The present paper focuses on the wide-to-narrow and
narrow-to-wide transitions between the two ends of a tube
of linearly varying radius, shown in Fig. 1. First, we map the
three-dimensional description of the particle dynamics in the
tube onto one-dimensional description in terms of the mod-
ified Fick-Jacobs equation. As a result, transitions between
the two tube ends reduce to those between the ends of a one-
dimensional interval in the presence of an entropy potential.
Solving the one-dimensional problem, we derive, for the first
time, exact analytical solutions for the Laplace transforms of
the probability densities of the first-passage, direct-transit, and
looping times for transitions in the tubes of the two types,
Eqs. (2.11), (2.12), (2.18), and (2.20)–(2.22). These solutions
are used to find the mean values of these random variables,
Eqs. (2.14), (2.15), (2.19), and (2.23). While the distributions
of the first-passage and looping times depend on the entropy
potential and hence varying tube radius, surprisingly, the dis-
tribution of the direct-transit time turns out to be independent
of the entropy potential. This distribution is identical to that
for a freely diffusing particle. The variation of the tube radius
manifests itself only through the effective diffusivity which
differs from the free-particle diffusivity D0 and depends on
the radius variation rate.

We compare our analytical results derived in the frame-
work of the one-dimensional description with the results
obtained from three-dimensional Brownian dynamics simu-
lations. The comparison shows good agreement between the
two when the radius variation rate λ does not exceed unity. It is
interesting that the predicted independence of the mean direct-
transit time of the entropy potential holds not only when λ ≤ 1
but also at λ = 1, 1.5, 2.0, and 2.5, where the one-dimensional
description undoubtedly fails.

The outline of this paper is as follows. Theory based on the
one-dimensional description is developed in Sec. II. Compar-
ison of its predictions with the simulation results is presented

and discussed in Sec. III. Some concluding remarks are made
in Sec. IV.

II. THEORY

Consider a particle diffusing in an expanding tube of
length L shown in Fig. 1(a). The tube radius r(x) increases
in the axial direction with a constant rate λ > 0, r(x) = a + λx,
0 ≤ x ≤ L, where the x-coordinate is measured along the tube
axis, and a is the tube radius at x = 0. The particle starts from
the reflecting boundary located at x = 0 and is trapped by the
absorbing boundary at x = L, as soon as it touches this bound-
ary for the first time. The particle starting point is assumed
to be uniformly distributed over the surface of the reflecting
boundary.

To describe the particle propagation along the tube axis,
we take advantage of the one-dimensional description of diffu-
sion in a tube of varying cross sections in terms of the modified
Fick-Jacobs equation.48,49 Let G(x, t) be the particle propaga-
tor in the axial direction, which is the probability density of
finding the particle at distance x from the reflecting bound-
ary at time t, conditional on that the particle started from this
boundary, located at x = 0, at t = 0. This propagator satisfies
the modified Fick-Jacobs equation48,49

∂G
∂t
=

∂

∂x

{
D(x)r2(x)

∂

∂x

[
1

r2(x)
G

]}
, (2.1)

where D(x) is a position-dependent effective diffusivity, sub-
ject to the initial and boundary conditions

G(x, 0) = δ(x),
∂G
∂x

�����x=0
= G|x=L = 0. (2.2)

Introducing the entropy potential of mean force,

βUent(x) = − ln (A(x)/A(0)) = −2 ln (r(x)/a)

= −2 ln (1 + λx/a) , (2.3)

where β = 1/(kBT ) with kB and T denoting the Boltzmann
constant and absolute temperature, and A(x) = πr2(x) is the
tube cross section area at a given value of x, one can write
Eq. (2.1) in terms of the entropy potential as the Smoluchowski
equation

∂G
∂t
=

∂

∂x

{
D(x)e−βUent (x) ∂

∂x

[
eβUent (x)G

]}
. (2.4)

The position-dependent effective diffusivity, D(x), is a func-
tion of the radius variation rate, |dr(x)/dx |. In our case, this rate
is constant, |dr(x)/dx | = λ, and, consequently, the effective
diffusivity is a position-independent function of λ. Denoting
this diffusivity by Dλ, Eq. (2.1) can be written as

∂G
∂t
= Dλ

∂

∂x

{
r2(x)

∂

∂x

[
1

r2(x)
G

]}
. (2.5)

To find the probability densities of the first-passage and
direct-transit times, we consider an auxiliary problem, where
the boundary at x = 0 is partially absorbing. Therefore, the
reflecting boundary condition at x = 0 is replaced by the
radiation one

a2Dλ∂
[
Gκ/r

2(x)
] /
∂x���x=0

= κGκ |x=0, (2.6)
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where the subscript κ near the propagator indicates the bound-
ary trapping rate; κ = 0 and ∞ correspond to reflecting and
absorbing boundaries at x = 0, respectively. Having in hand
the propagator Gκ(x, t), one can find the probability flux f κ(t)
entering the absorbing boundary at x = L at time t,

fκ(t) = −Dλ ∂Gκ/∂x |x=L. (2.7)

The integral of this flux over time from zero to infinity,
∫
∞

0 fκ(t)dt, is the probability that the particle is trapped by
the absorbing boundary located at x = L, in the presence of a
partially absorbing boundary at x = 0.

The ratio of f κ(t) to this trapping probability is the lifetime
probability density ϕκ(t) of the particle, on condition that it is
trapped by the right boundary of the interval,

ϕκ(t) = fκ(t)
/∫ ∞

0
fκ(t ′)dt ′. (2.8)

As κ → 0, the boundary at x = 0 becomes reflecting, the trap-
ping probability in the denominator of Eq. (2.8) approaches
unity, and the conditional probability density ϕκ(t) reduces to
the probability density of the first-passage (FP) time, ϕFP(t),

ϕFP(t) = lim
κ→0

ϕκ(t). (2.9)

In the opposite limiting case, κ → ∞, the left boundary of
the interval becomes absorbing, and both the flux f κ(t) and
the trapping probability ∫

∞
0 fκ(t)dt tend to zero, but their ratio

remains finite. This ratio, by definition, is the probability
density of the direct-transit (dtr) time, ϕdtr(t),

ϕdtr(t) = lim
κ→∞

ϕκ(t). (2.10)

We find the Laplace transforms of the probability densities
ϕFP(t) and ϕdtr(t) using the Laplace transform of ϕκ(t) derived
in Appendix. The Laplace transform of a function f (t), denoted
by f̂ (s), is defined in the standard way as f̂ (s)= ∫

∞
0 e−st f (t)dt,

where s is the Laplace parameter. We indicate that the expres-
sions below refer to transitions between the narrow and wide
ends of the expanding tube (see Fig. 1) by introducing the
superscript “n → w.” Using this notation, we can write our
results for the Laplace transforms of the two probability
densities as

ϕ̂n→w
FP (s) = ϕ̂n→w

κ→0 (s)

=
(a + λL)

√
sDλ

a
√

sDλ cosh
(
L
√

s/Dλ

)
+ λDλ sinh

(
L
√

s/Dλ

)
(2.11)

and

ϕ̂n→w
dtr (s) = ϕ̂n→w

κ→∞(s) =
L
√

s/Dλ

sinh
(
L
√

s/Dλ

) . (2.12)

The latter expression shows that the distribution of the direct
transit time is the same as that for a particle freely diffus-
ing on an interval of length L with the effective diffusivity

Dλ.47 It depends on the varying tube radius only through the
λ-dependence of the effective diffusivity.

We use the Laplace transforms ϕ̂n→w
FP (s) and ϕ̂n→w

dtr (s) to
find the mean first-passage and direct-transit times, t̄n→w

FP and
t̄n→w
dtr , by taking advantage of the relation between the Laplace

transform of the lifetime probability density, ϕ(t), and the mean
lifetime, t̄,

t̄ =
∫ ∞

0
tϕ(t)dt = −dϕ̂(s)/ds|s=0. (2.13)

The results are

t̄n→w
FP =

L2

6Dλ

3a + λL
a + λL

(2.14)

and

t̄n→w
dtr =

L2

6Dλ
. (2.15)

Since for each trajectory the first-passage time is the
sum of the looping (l) and direct-transit times, the probability
densities ϕn→w

FP (t), ϕn→w
dtr (t), and ϕn→w

l (t) satisfy

ϕn→w
FP (t) =

∫ t

0
ϕn→w

dtr (t − t ′)ϕn→w
l (t ′)dt ′. (2.16)

The Laplace transformation of the above relation leads to

ϕ̂n→w
FP (s) = ϕ̂n→w

dtr (s)ϕ̂n→w
l (s). (2.17)

We use this and Eqs. (2.11) and (2.12) to find the Laplace
transform of the probability density of the looping time

ϕ̂n→w
l (s) =

ϕ̂n→w
FP (s)

ϕ̂n→w
dtr (s)

=
(a + λL) Dλ sinh

(
L
√

s/Dλ

)
L

[
a
√

sDλ cosh
(
L
√

s/Dλ

)
+ λDλ sinh

(
L
√

s/Dλ

)] .

(2.18)

Next, we find the mean looping time, t̄n→w
l , using the relation

in Eq. (2.13),

t̄n→w
l = −

dϕ̂n→w
l (s)

ds

�����s=0
=

L2

3Dλ

a
a + λL

=
L2

3Dλ

r(0)
r(L)

, (2.19)

where the x-dependence of the tube radius, r(x) = a + λx, has
been used. This mean time is the difference between the mean
first-passage and direct transit times given in Eqs. (2.14) and
(2.15), respectively.

One can repeat the above derivation for a narrowing tube
of length L shown in Fig. 1(b), where the x-dependence of the
tube radius has the form r(x) = a + λ(L � x), 0 ≤ x ≤ L, λ > 0.
Assuming that the wide end of the tube at x = 0 is reflecting
and its narrow end at x = L is absorbing, one can find the
Laplace transforms of the probability densities and the mean
values of the first-passage, direct-transit, and looping times for
wide-to-narrow (w→ n) transitions. The final results are

ϕ̂w→n
FP (s) =

a
√

sDλ

(a + λL)
√

sDλ cosh
(
L
√

s/Dλ

)
− λDλ sinh

(
L
√

s/Dλ

) , (2.20)
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ϕ̂w→n
dtr (s) = ϕ̂n→w

dtr (s) =
L
√

sDλ

sinh
(
L
√

s/Dλ

) , (2.21)

ϕ̂w→n
l (s) =

aDλ sinh
(
L
√

s/Dλ

)
L

[
(a + λL)

√
sDλ cosh

(
L
√

s/Dλ

)
− λDλ sinh

(
L
√

s/Dλ

)] , (2.22)

t̄w→n
FP =

L2

6Dλ

(
3 + 2λ

L
a

)
, t̄w→n

dtr = t̄n→w
dtr =

L2

6Dλ
, t̄w→n

l =
L2

3Dλ

(
1 + λ

L
a

)
. (2.23)

The identity of the probability densities and, consequently,
the mean values of the direct-transit times for the narrow-to-
wide and wide-to-narrow transitions is a particular case of
the general relations between the time distributions for the
forward and backward transitions.3,8 What is interesting is that
the probability densities in Eq. (2.21) are identical to that for a
free particle diffusing on an interval of length L with diffusivity
Dλ, which performs direct transitions between the ends of the
interval.47

To summarize, expressions in Eqs. (2.11), (2.12), (2.14),
(2.15), and (2.18)–(2.23) giving the Laplace transforms of the
probability densities of the first-passage, direct-transit, and
looping times for particles diffusing in expanding and nar-
rowing tubes, as well as the mean values of these times are
main analytical results of this paper.

III. COMPARISON WITH SIMULATION RESULTS

In this section, we compare our analytical predictions
with the results obtained from three-dimensional Brownian
dynamics simulations.

A. L-dependences of the mean times

We begin with the L-dependences of the mean times
given in Eqs. (2.14), (2.15), (2.19), and (2.23). For the sake
of comparison, it is convenient to normalize these mean
times to the mean direct-transit time of a free particle in
the cylindrical (λ = 0) tube, L2/(6D0).47 As a result, we
obtain

6D0 t̄n→w
FP

L2
=

D0

Dλ

3 + λL/a
1 + λL/a

,
6D0 t̄n→w

l

L2
=

D0

Dλ

2
1 + λL/a

,

(3.1)

6D0 t̄w→n
FP

L2
=

D0

Dλ

(
3 + 2

λL
a

)
,

6D0 t̄w→n
l

L2
=

2D0

Dλ

(
1 +

λL
a

)
,

(3.2)

6D0 t̄n→w
dtr

L2
=

6D0 t̄w→n
dtr

L2
=

D0

Dλ
. (3.3)

In Fig. 2, the theoretically predicted dimensionless mean times
are shown as functions of the dimensionless argument λL/a
(lines) at the radius variation rate λ = 0.6. The predicted L-
dependences are compared with the values of the dimen-
sionless mean times obtained from the Brownian dynamics
simulations (symbols) in tubes with the following values of
the L/a ratio, L/a = 2, 6, 10, 14, 18. One can see excellent
agreement between the theoretical predictions and simulation
results.

As shown in Fig. 2, the normalized mean first-passage
and looping times decrease with L for n→ w transitions and
increase with L for transitions in the opposite direction. This
direction dependence can be rationalized using the entropy
potential, which drives the particles to the absorbing boundary
in the case of n→w transitions (downhill scenario) and pushes
them back towards the reflecting boundary (uphill scenario) in
the case of w → n transitions. This is in contrast with the
behavior of the normalized mean direct-transit time which is

FIG. 2. L-dependences of the mean times for expanding (left panel) and narrowing (right panel) tubes at λ = 0.6. Theoretical predictions (lines) are compared
with the values of the mean times obtained from Brownian dynamics simulations (symbols) performed in tubes with the following values of the L/a ratio, L/a
= 2, 6, 10, 14, 18. Mean first-passage times are shown by blue lines and symbols (∆), mean looping times are shown by yellow lines and symbols (O), and mean
direct-transit times are shown by green lines and symbols (◦).
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independent of L. Surprisingly, particles performing direct
transitions are “unaware” of the entropy potential.

B. Probability densities

Next, we compare the probability densities predicted the-
oretically and obtained from the three-dimensional Brownian
dynamics simulations. It is convenient to do this using the
dimensionless time t̃ = Dλt/L2. The relation between the prob-
ability densities ϕ̃

(
t̃
)

and ϕ(t) is given by ϕ̃
(
t̃
)
= ϕ (t) Dλ/L2.

The Laplace transform ϕ̂ (s) of the probability density ϕ(t)
is identical to the Laplace transform ˆ̃ϕ (σ) of the probabil-
ity density ϕ̃

(
t̃
)
, ˆ̃ϕ (σ) = ∫

∞
0 e−σ t̃ ϕ̃

(
t̃
)

dt̃, where σ is the
dimensionless Laplace parameter, σ = sL2/Dλ.

Using the fact that ˆ̃ϕ (σ) = ϕ̂ (s), we can write the proba-
bility densities in Eqs. (2.11), (2.12), (2.18), (2.20), and (2.22)
as

ˆ̃ϕn→w
FP (σ) =

(1 + λL/a)
√
σ

√
σ cosh

(√
σ
)

+ (λL/a) sinh
(√
σ
) , (3.4)

ˆ̃ϕn→w
l (σ) =

(1 + λL/a) sinh
(√
σ
)

√
σ cosh

(√
σ
)

+ (λL/a) sinh
(√
σ
) , (3.5)

ˆ̃ϕw→n
FP (σ) =

√
σ

(1 + λL/a) cosh
(√
σ
)
− (λL/a) sinh

(√
σ
) ,

(3.6)

ˆ̃ϕw→n
l (σ) =

sinh
(√
σ
)

(1 + λL/a) cosh
(√
σ
)
− (λL/a) sinh

(√
σ
) ,

(3.7)

ˆ̃ϕn→w
dtr (σ) = ˆ̃ϕw→n

dtr (σ) =

√
σ

sinh
(√
σ
) . (3.8)

Theoretically predicted probability densities obtained by
numerically inverting the Laplace transforms in Eqs. (3.4)–
(3.8) are shown in Fig. 3 by lines. This is done for tubes with
λ = 0.6 and L/a = 10, using Dλ/D0 = 0.887 inferred from the
simulation results (see the discussion below). The bars show
the probability densities obtained from the Brownian dynamics
simulations. Again, one can see excellent agreement between
the theoretical predictions and simulation results. One can also
see that while the time scales of the first-passage and looping
times in the n → w and w → n directions differ by orders
of magnitude, the probability densities of the direct-transit

FIG. 3. Probability densities of the
first-passage, looping, and direct-transit
times (top to bottom) predicted by the
theory (lines) and obtained from the
simulations (bars) for expanding, (a),
and narrowing, (b), tubes. The tube
parameters are λ = 0.6 and L/a = 10.
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times in the two directions are identical. The latter probability
densities are equal to that of the direct-transit time of a free
particle diffusing in an interval of length L with diffusivity
Dλ.

C. Range of applicability of the effective
one-dimensional description

The modified Fick-Jacobs equation, Eq. (2.1), provides an
effective one-dimensional description of diffusive transport in
a three-dimensional tube of varying radii. Zwanzig48 derived
this equation assuming that the radius variation rate is much
smaller than unity, |dr(x)/dx | = 1. As the rate increases, the
effective one-dimensional description becomes less accurate.
However, as has been demonstrated above (see also Ref. 50),
this description works well not only when the radius vari-
ation rate is very low but also at moderate values of the
rate.

We studied the range of applicability of the one-
dimensional description in Ref. 50. Our analysis was based on
the comparison of the effective diffusivities Dλ obtained from
the mean first-passage times t̄n→w

FP and t̄w→n
FP found in Brown-

ian dynamics simulations by using Eqs. (2.14) and (2.23). As
a criterion of the applicability, we used the requirement that
the ratio of the diffusivities must be close to unity. In tubes
with L/a = 20, we found that the ratio Dλ(n→ w)/Dλ(w→ n)
grew with λ and reached the value 1.1 at λ = 1. Based on this,
we proposed to consider the inequality λ ≤ 1 as the condition
determining the range of applicability of the one-dimensional
description.

Now, when we have six mean times for a conical tube
fully determined by the values of two parameters, L/a and λ,
we can find six effective diffusivities and compare their values.
The one-dimensional description is applicable when all six Dλ

at a fixed value of λ are close. Six values of the ratio Dλ/D0

determined from the six dimensionless mean times obtained
from the simulations in conical tubes with λ = 0.6, 1, 1.5,
2, 2.5 and L/a = 6, 10, 14, 18 by means of Eqs. (3.1)–(3.3)
are collected in Table I. Inspection of the diffusivity ratios
presented in these tables (i) supports our earlier evaluation of
the range of applicability of the one-dimensional description,
λ ≤ 1, and (ii) shows the correctness of the predicted free-
diffusion behavior of the mean direct-transit time at all λ, i.e.,
far beyond the range of applicability of the one-dimensional
description.

D. Reguera-Rubi formula for the effective diffusivity Dλ

The effective diffusivity D(x) entering Eq. (2.1) depends
on x through its dependence on the local radius variation
rate, D(x)=D (|dr(x)/dx |). Reguera and Rubi (RR) proposed
a simple formula for the effective diffusivity,51

DRR(x) =
D0√

1 + [dr(x)/dx]2
. (3.9)

In our case, when |dr(x)/dx | = const = λ, the Reguera-Rubi
formula reduces to

DRR(λ) =
D0

√
1 + λ2

. (3.10)

TABLE I. Diffusivity ratios, Dλ /D0, at λ = 0.6, 1.0, 1.5, 2.0, 2.5. For each λ,
the diffusivity ratio is given at L/a = 6, 10, 14, 18 with the goal to demonstrate
(i) the failure of the one-dimensional description at λ > 1 and (ii) the correct-
ness of the predicted free-diffusion behavior of the direct-transit time at all
λ, i.e., far beyond the range of applicability of the one-dimensional descrip-
tion. DRR(λ) are the values of the diffusivity ratio given by the Reguera-Rubi
formula (see below).

λ = 0.6 DRR(λ = 0.6)/D0 = 0.857

n→ w w→ n

L/a FP l dtr FP l dtr

6 0.886 0.866 0.895 0.884 0.882 0.894
10 0.882 0.854 0.891 0.872 0.886 0.871
14 0.884 0.875 0.886 0.866 0.886 0.865
18 0.878 0.879 0.868 0.871 0.882 0.870

λ = 1 DRR(λ = 1)/D0 = 0.707

n→ w w→ n

L/a FP l dtr FP l dtr

6 0.774 0.722 0.791 0.747 0.744 0.794
10 0.774 0.708 0.788 0.741 0.738 0.789
14 0.769 0.722 0.776 0.732 0.730 0.778
18 0.772 0.702 0.780 0.736 0.735 0.778

λ = 1.5 DRR(λ = 1.5)/D0 = 0.554

n→ w w→ n

L/a FP l dtr FP l dtr

6 0.674 0.585 0.696 0.628 0.625 0.702
10 0.668 0.561 0.684 0.600 0.598 0.690
14 0.665 0.568 0.675 0.602 0.601 0.679
18 0.668 0.575 0.676 0.601 0.600 0.680

λ = 2 DRR(λ = 2)/D0 = 0.447

n→ w w→ n

L/a FP l dtr FP l dtr

6 0.605 0.466 0.634 0.524 0.520 0.642
10 0.605 0.460 0.624 0.503 0.500 0.624
14 0.599 0.428 0.616 0.508 0.506 0.617
18 0.596 0.383 0.615 0.499 0.498 0.615

λ = 2.5 DRR(λ = 2.5)/D0 = 0.371

n→ w w→ n

L/a FP l dtr FP l dtr

6 0.555 0.394 0.584 0.455 0.451 0.600
10 0.553 0.383 0.573 0.435 0.433 0.581
14 0.551 0.378 0.565 0.429 0.427 0.572
18 0.551 0.365 0.564 0.431 0.430 0.571

To check the accuracy of this formula, we compare
its predictions with the values of Dλ determined from the
direct-transit times t̄n→w

dtr and t̄w→n
dtr obtained from the sim-

ulations in tubes with L/a = 10 at different values of λ.
The λ-dependence of the ratio DRR(λ)/D0 and the values
of the diffusivities Dλ obtained from the simulation results
and normalized to D0 are shown in Fig. 4. One can see that
when the radius variation rate falls within the range of the
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FIG. 4. Diffusivity ratio Dλ /D0 given by the Reguera-Rubi (RR) formula,
Eq. (3.10) (line), and the values of this ratio obtained using the mean direct-
transit time found in simulations at L/a = 10 (symbols). Two overlapping
symbols are the values of the diffusivity ratio obtained from the mean direct-
transit times in the n→ w and w→ n directions.

applicability of the one-dimensional description, λ ≤ 1, the
Reguera-Rubi formula predicts the effective diffusivity rea-
sonably well. The deviation of its predictions from the values
of the ratio Dλ/D0 obtained from the simulation data increases
with λ. The relative error of the prediction at λ = 1 is about
10%.

IV. DISCUSSION AND CONCLUDING REMARKS

We have studied escape of a diffusing particle from the
conical tubes of linearly varying radii shown in Fig. 1. As
might be expected, the particle takes more time to escape from
the narrowing tube [Fig. 1(b)] than from the expanding one
[Fig. 1(a)]. The reason is that in the narrowing tube the access
to the exit is hindered by the entropy potential, whereas in the
expanding tube the potential drives the particle towards the
exit. The mean first-passage times are monotonic functions
of the radius variation rate λ. As λ increases, at a fixed tube
length, the mean first-passage time increases/decreases in the
narrowing/expanding tube. Introducing separation of the par-
ticle trajectory into the looping and direct-transit segments,
we were able to analyze the “fine structure” of the escape
trajectories. It turns out that the difference in the mean first-
passage times for the narrowing and expanding tubes is due
to the difference in the mean looping times, corresponding
to the trajectory segment in which the particle returns to the
reflecting tube end at the origin without touching the absorbing
boundary at the opposite end of the tube.

In the limiting case of an expanding tube with large λ, par-
ticle diffusion is mostly unperturbed by the tube walls. This

statement is supported by Fig. 5 which shows spatial distri-
butions of the particle first-passage points to the absorbing
end of the tube. It is seen that for a quickly expanding tube
of λ = 2.5, most of the arrival points are grouped around
the center suggesting that the particle diffuses nearly freely.
This result was obtained with a uniform distribution of the
particle starting points over the reflecting tube boundary at
the origin shown in the figure by the dashed lines. We would
like to draw the reader’s attention to the fact that when run-
ning simulations in the opposite case of a narrowing tube,
we used a uniform distribution of the starting points over the
area of the reflecting wide end of the tube. In this case, as
follows from the time reversibility of diffusion trajectories,
the distributions shown in Fig. 5 would represent the distri-
butions of the starting points of the direct-transit segments
only.

At the same time, the mean direct-transit time is not sen-
sitive to whether the tube is narrowing or expanding. Quite
surprisingly, not only the mean values (Fig. 2) but also the
distributions of this time (Fig. 3, bottom panels) in the nar-
rowing and expanding tubes are identical to that for a freely
diffusing particle. Moreover, this is true even at λ = 2.5,
where the one-dimensional description obviously fails. Similar
results were reported by Cheng and Makarov20 who stud-
ied polymer cyclization. Using simulations, they showed that
direct transitions in the loop closure in a long Rouse chain
were insensitive to the chain length, i.e., the entropy poten-
tial, and reasonably well described by “a model where the
chain ends diffuse freely.” Their main conclusion is that the
one-dimensional description in terms of the Smoluchowski
equation with the entropy potential of mean force fails to
describe the mean direct-transit times observed in simulations.
In a recent paper,44 Makarov came to the same inference about
the potential failure to predict the mean direct-transit time
and its distribution on the basis of the Smoluchowski equa-
tion when the potential of mean force contains “a significant
entropic part.”

In contrast, we derive the free-diffusion behavior of
the direct-transit time starting with the modified Fick-
Jacobs equation, Eq. (2.1), which is the Smoluchowski equa-
tion, Eq. (2.4), with the entropy potential of mean force,
Eq. (2.3). We hope that our results will be of impor-
tance for the conceptual understanding and quantitative
interpretation of time-resolved single molecule dynamics
observed in experiments on puling of proteins and nucleic
acids, fluorescence spectroscopy investigations of protein
folding, and studies of polymer capture by single nano-
pores.

FIG. 5. Distribution of particle arrival points to the
absorbing wide end of the expanding tube of length L/a
= 10 at different values of the radius variation rate λ.
The images are scaled to facilitate the comparison. The
reflecting tube end at the origin (of the same radius a, see
Fig. 1), from which the particle starts, is shown by the
dashed lines in the image centers.
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APPENDIX: LAPLACE TRANSFORM
OF THE CONDITIONAL PROBABILITY DENSITY ϕκ(t)

Let Ĝκ(x, s) be the Laplace transform of the propagator
Gκ(x, t). Applying the Laplace transformation to equation (2.5)
and the boundary conditions at x = L, Eq. (2.2), and at x = 0,
Eq. (2.6), we arrive at

sĜκ − δ(x) = Dλ
d
dx

{
r2(x)

d
dx

[
1

r2(x)
Ĝκ

]}
, (A1)

a2Dλ
d
dx

[
1

r2(x)
Ĝκ

] �����x=0
= κ Ĝκ

���x=0
, Ĝκ

���x=L
= 0. (A2)

By writing the Laplace transform of the propagator in the
form

Ĝκ(x, s) = r(x)F(x, s), (A3)

and substituting this into Eqs. (A1) and (A2), we find that
function F(x, s) satisfies the equation

1
a
δ(x) = Dλ

d2F

dx2
− sF (A4)

subject to the boundary conditions

Dλ
dF
dx

�����x=0
=

(
κ +

λD
a

)
F |x=0, F |x=L = 0. (A5)

We find function F(x, s) by solving this equation. The result
is

F(x, s) = A(s) sinh
(
(L − x)

√
s/Dλ

)
, (A6)

where A(s) is given by

A(s) =
1

a
√

sDλ cosh
(
L
√

s/Dλ

)
+ (κa + λDλ) sinh

(
L
√

s/Dλ

) .

(A7)

As follows from Eq. (2.7), the Laplace transform of the flux
f κ(t) is

f̂κ(s) = −Dλ
dĜκ

dx

�����x=L
= −Dλ (a + λL)

dF
dx

�����x=L

=
√

sDλ (a + λL) A(s). (A8)

We use this to find the Laplace transform of the condi-
tional probability density ϕκ(t) defined in Eq. (2.8), where the
integral in the denominator is f̂κ(s = 0). Eventually we obtain

ϕ̂κ(s) =
f̂κ(s)

f̂κ(0)

=

√
sDλ [Dλ (a + λL) + κaL]

a
√

sDλ cosh
(
L
√

s/Dλ

)
+ (κa + λDλ) sinh

(
L
√

s/Dλ

) .

(A9)

This result is used in the main text to find the Laplace
transforms of the probability densities of the first-passage

(κ → 0) and direct-transit (κ →∞) times given in Eqs. (2.11)
and (2.12).
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